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Abstract

We discuss the ’t Hoof ansatz for instanton solutions in noncommutative U (2) Yang—Mills theory. We show that the extension
of the ansatz leading to singular solutions in the commutative case, yields to non self-dual (or self-antidual) configurations in
noncommutative space—time. A proposal leading to selfdual solutions with Q = 1 topological charge (the equivalent of the
regular BPST ansatz) can be engineered, but in that case the gauge field and the curvature are not Hermitian (although the
resulting Lagrangian is real). © 2001 Published by Elsevier Science B.V.

1. Introduction

After the connection between noncommutative
quantum field theory and string theory was discov-
ered [1,2], instantons in gauge theories, originally in-
troduced in [3] for noncommutative R* space, were
seen to play a central role in the quantization of strings
ending in D-branes in the presence of a B-field [4].
Later on, they were the object of many investigations
[5-13].

Although one can envisage to construct instantons
for U(N) gauge group for arbitrary N, most of the
results reported correspond to the case of U(1), for
which, in contrast with what happens in ordinary
space, there also exist non-trivial multi-instantons. The
explicit solutions were constructed mostly by applying
the ADHM recipe.
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Concerning solutions for N > 2, appart from dis-
cussions on the ADHM construction [7,8,11], the pos-
sibility of extending the so called ’t Hooft ansatz for
multi-instanton solutions to the noncommutative case
was already suggested in [3]. However, we will show
that the ansatz proposed in that article for the case of
U (2) leads to a configuration which is not self-dual
(or self-antidual) and hence does not correspond to
a bound of the action.

It is the purpose of this note to carefully test the
’t Hooft ansatz for U(2) noncommutative gauge the-
ory, showing that the naive extension of the ordinary
ansatz leads to a non self-dual (or non self-antidual)
configuration which does not extremize the action.
The problem cannot be solved by projecting out an
appropriate state from the Fock space, as it can be
done in the ADHM approach (see [8] and references
therein). Interestingly enough, although the resulting
topological charge is Q = 0, the configuration does
coincide with the ordinary Q = 1 instanton solution in
the singular gauge when the noncommutative parame-
ters 0, are put to zero. This shows that the 6,,, — 0
limit is not smooth. We shall then analyse an alterna-
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tive — Belavin—Polyakov—Schwarz—Tyupkin (BPST)
like — ansatz for U (2) self-dual (self-antidual) solu-
tions which requires a different internal U (2) structure
for the gauge field. However, hermiticity of the gauge
fields and curvature is lost, although the resulting in-
stanton Lagrangian is real. Finally, we discuss possible
issues which, starting from BPST like ansatz, may lead
to hermitian gauge field configurations corresponding
to noncommutative instanton.

2. ’t Hooft ansatz in commutative space

The first order instanton equations for (ordinary)
SU(2) Yang—Mills theory in 4-dimensional Euclidean
space are

Fuy=%F, (D
with
Fuy =0, Ay — A, +i[Ay, A)] 2)
and
Fuv = 3 uvapFap. 3)

Here A, are Hermitian gauge fields taking values in
the Lie algebra of SU(2), A, = AZO‘“/Z, with o¢ the
Pauli matrices.

The self-dual (‘+’ sign) and self-antidual (‘— sign)
solutions to equations (1) correspond to positive and
negative topological charge Q,

1 ~
Q=1 /d4x tr Flup Fyp. (4)

The well-honored ’t Hooft ansatz [14—16] for a self-
dual multi-instanton solution is

Au(x) = Elev, (5)
Jv=0""©)de ). (6)
Here

— 1

201/3 = Eauﬁuaﬁv (7)

where 74, is the ’t Hooft tensor,

ifu,v=1,2,3,
Na4s = 0. )

ﬁa;w =Eapv,

ﬁu/}.4 = _ﬁa4;/, = _8(1;/.7

It is important to stress that faﬁ is anti-selfdual,

Zotﬁ = _Zaﬁ~ (9)

Inserting ansatz (5) in Eq. (2) one finds that the
curvature takes the form

F:Zv = ﬁaﬂﬂvﬂv[(i’] - ﬁavﬂvﬂu[¢]

— S8~ 3 awald], (10)
where
Uy =—3a oY) ¢+laa¢ (11)
7 == 53 0ublod + 20029,
alpl = V2. (12)
¢

It is easy to prove that Fjj, as given in (10) can be
written in the form

FZV:FZV _ﬁuuvaw’]s (13)
so that, in order to have selfduality, one should impose
al¢]=0 or

1

~V2p=0. 14
p ¢ (14)

A general solution to this equation is

N )»2
pr)=1+)

i=1

L
(xu_a#)z. (15)
Although this solution has singularities at x = a;
(V29 > 8(x —a;)), Eq. (14) is satisfied everywhere.
This ansatz leads to a singular self-dual gauge field.
It is instructive to write it in the simplest Q = 1 case
(witha; =0)

__ (16)
PGy
Now, the singularity can be removed by an appropriate
(singular) gauge transformation leading to

ASmey = _0)2F,

0 x
ARE(x) = —2 XL 17
which coincides with the BPST instanton solution. It
is important to note that the self-antidual Xyg tensor
appearing in the singular ansatz has been traded for a
self-dual tensor X,

1

Zotﬁ = Eaunuaﬁs (18)
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it v=123,
Na44 = 0. (19)

The same procedure can be applied to get regular
multi-instanton solutions with arbitrary topological
charge Q [17].

Napv = Eapv,

Napd = —MNadp = 8@[1,5

3. >t Hooft ansatz in noncommutative space

Let us start by defining the Moyal * product of two
functions f(x) and g(x),

(20)

i
(f x8)x)= <3Xp<59;waxM Byl,) Fx)gy)
y=x
with 6,,, a constant antisymmetric matrix. Then, the
Moyal bracket is defined as

{fgl=f*g—gxf @n

The Moyal bracket for (Euclidean) space—time coordi-
nates then reads

{xp, x0} =10,0. (22)

In 4-dimensional space one can always make 61, = 01,
034 = 6> (with 01 and 6, real numbers) while all other
components vanish.

An alternative approach to noncommutative theo-
ries which has shown to be very useful in finding soli-
ton solutions [18] is to directly work with operators
in the phase space {x,} with commutator (22). Then,
* product is just the product of operators and integra-
tion over R* becomes a trace,

/ d*x f(x) =47°616, Tr £ (x). (23)

In this framework, one considers operators ap and aZ
with b =1, 2 in the form

1 : 71
a1 = —x1+ixy) = ——,
V=g R =
: :
T .
a; =—(x1 —ix2) = —,
1= g T =
a ! (x3+ixq) 2
2= 3 4) = )
«/292 \/52
1 ) 22
al = (X3 — ixg) = —=, (24)

V26, NG

satisfying the algebra (consistent with (22))

[absaj] =8b61 [abvac] =01
[af,al]=0. (25)
With this conventions, derivatives should be written as
-1 1
0 =—aT, , 0 = —|ap, ]. 26
Zb \/@[ b ] Zb \/G_h[ b ] ( )

From the eigenstates of the number operators Ni =
aifal and N; = agaz one constructs the Fock space
[n1n2) so that |00) is the vacuum. It will be important
in what follows the following correspondence between
projectors and functions

}’2 r2
|nino)(niny| —> 4(—1)n1+”2 exp _1_ 2
0 6

2r12 2;’22
XL,” 9_1 an E ) (27)

where 71 = (x1, x2) and 7, = (x3, x4) and L, are the
Laguerre polynomials.

Coming back to the instanton solution, let us first
see that a naive extension of the (commutative) SU(2)
’t Hooft ansatz does not work in noncommutative
space [21,22]. To begin with, it is well known that con-
sistency requires that the gauge group for noncommu-
tative gauge theories has to be U(N) (or certain sub-
groups of U(N) [23,24]). We then consider the U (2)
case and write

Uu

a 4 1
Aﬂ(x)zAu7+AM§‘ (28)
The natural extension of the commutative 't Hooft
ansatz (5), (6), to be supplemented with an appropriate

ansatz for Ai, is then

o Au—
AZ7 =X, L[], (29)
where
J=0"'%0,0 + 3,0 x> (30)

Here we have taken a real @ (& = &T) and hence
the combination in (30) leads to an Hermitian gauge
field (in fact, (29), (30) is the Hermitian version of the
proposal in [3]). Note that in the 61, 6, — 0 limit, J,
coincides with j, in (6) if one identifies @ with ¢!/2.

Concerning the Ai choice, we shall use as a guide
that the appropriate ansatz should lead, together with
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Af, to aself-dual F),, and in particular a selfdual F, :U.
Now, using ansatz (29), (30) one has

i i
Fuv =51 1)+ Sepvapl e o} + fuo, 31
where

4 4 Ly,4 44
fwzauAv—avAM—i—E{AM,Av}. (32)

Now, one can easily see that the simple ansatz
Ay =—i(07 %9, @ — 3, P x ") (33)

leads to a self dual F I‘L‘V field,

~ i
F:U:F:v=i{]u»]v}+§8uvaﬁ{]avjﬁ}- (34)

Concerning the components of F},,, on the Lie algebra
of SU(2), ansatz (29)—(33) gives, in terms of @,

Fiiy =TappVpv — flavg Vau
1

_ 1_
- Enuuvvﬁﬁ - Enap.vAv (35

where
Viw = (0,001 % @ + & % (39,0,0 )
40, P %P 2x0,0+3,0%D 2 %0,P,
(36)
and
A= 5V k! 37

Now, after some work, one can see that (35) can be
written in the form

Fi, = Fo, — flauwA, (38)

so that, in order to satisfy selfduality, one just has to
impose

o 1w V2olxo !l =0. (39)

This is the noncommutative version of the derivation
summarized by Egs. (10)—(14). As in that case, we
conclude now that if one finds a field @ satisfying

Vil =0 (40)

then one has obtained an explicit solution for the
U (2) noncommutative instanton. Now, as explained
for the ordinary case, Eq. (40) has no nontrivial
solution so that one has to look for singular solutions

(with eventual sources in the r.h.s. of (40)) but still
satisfying (39).

Paralleling the treatment in the ordinary case, one
should then introduce, for finite #; and 6,, a regular,
Gaussian-like source for the Laplacian, producing a
delta-function when 61,6, — 0. That is, we propose
to solve, instead of a sourceless Laplace equation, the
following one

4)\'2 2 2
V202 (x: 61, 65) = — exp(—r—l - r—z), (41)
010> 1 b
where A defines the instanton size.
When 61 = 6, = 0 one easily finds a solution to (41)
in the form

A2 24,2
¢%M9ﬁ)=1+7r_?<1_%p611+Q>>

r{+r;
(42)
Using Eqgs. (26) and (27) one can see that Eq. (41)
takes, in operator language, the form
20 4 22

2
Q—I[a;f, [a1, #2]] + g[az, [a2, #2]] = 5.5, 1002001
(43)

The right hand side of Eq. (43) corresponds, in
the Fock space framework, to the Gaussian source
introduced in Eq. (41).

For 6; = 6, = 0 the solution to (43) can be written
in a simple form

22 1
0529,9 =14 — _
©.9) +292n1+n2+1

ny,nz

|n1n2)(niny|.

(44)
Using sum rules for the Laguerre polynomials asso-
ciated to projectors, one can easily see that (44) co-
incides with (42). Let us signal at this point that the
01 # 0> case does not present new difficulties: one
starts by solving Eq. (41) and ends with the general-
ization of (44). We do not detail this derivation since
the results are conceptually equivalent to those corre-
sponding to 6 = 6;.

Expression (44) for ®2 was originally presented
in [3] as providing an instanton solution once the
gauge field is written in terms of @. Now, for this to
be true, one should verify that, although @ does not
satisfy the sourceless equation (40) but Eq. (41), it still
verifies Eq. (39), which provides a necessary condition
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for selfduality. Now, using expression (44) one finds

2
&~ 'V2re ! = —— = —|00)(00]. 45
530 30000 (45)
This implies that Fy,, is not selfdual but satisfies
2
Fuv = Fuy + Euvmmo) (00]. (46)

A similar problem was found in [25] in the investi-
gation of 2-dimensional instantons in noncommuta-
tive CP(n) model. Indeed, when looking for a solution
leading to a singular instanton in the & — 0 limit, these
authors find that selfduality was satisfied up to a vac-
uum projector exactly as what happens with the r.h.s.
of Eq. (46). In the ADHM approach to 4-dimensional
instantons, one also faces such a problem but in that
case, it manifests through a non-normalizable zero-
mode. However, in that case it is possible to find a
“shift” transformation which makes the zero mode
normalizable [7,8].

Let us compute the topological charge associated
with the configuration (35), (44), using the formula

1 ~
0= 192 Tr tr Fypy Fyo - (47)

One finds, after a lengthy but straightforward calcula-
tion,

0=0. (48)

It is interesting to note that limy_.¢ ®? = ¢>(1) with
¢ the solution leading to the singular instanton
solution (16), which correspondsto Q = 1. This shows
that it is not safe to interchange the & — 0 limit with
the Tr operation.

At this point, one could think that projecting out
from F, its |00)(00] one should obtain a selfdual
curvature with nontrivial (n = 1) topological charge.
However, if one just eliminates the terms containing
|00)(00| from F,, one obtains a selfdual expression
but the corresponding Q is not integer (and depends
on A and 0). This is due to the fact that such projected
F,,» cannot be written as the curvature of an adequate
gauge connection. We have also tried to find a kind of
shift S transformation, as defined in [5,19,20], acting
on A, so that the resulting curvature has no [00)(00]
but we did not succeed in it. In summary, in the form
proposed in [3] (Eq. (4.9) of [3]) or as modified in
(29)—(33), the extension of 't Hooft ansatz does not

lead to a regular noncommutative instanton solution
with Q0 =1.

In ordinary space, appart from ’t Hooft ansatz, there
is an alternative approach, at least for Q = 1, which
corresponds to search for a regular solution from the
beginning, as done in the pioneering work of Belavin,
Polyakov, Schwarz and Tyupkin [26]. In the present
case, this amounts to propose, instead of ansatz (29)
one in the form

a

4% — 5 ] (49)
wy T nuvJv

with J,, defined as in (30). Note that, in contrast with
ansatz (29) here we use X, the tensor arising in
the regular selfdual solution in commutative space,
Eq. (17). This ansatz leads to an F’ 31; in the form

Fiu = 5 {Jul @), hie1)

—%%WMMWLM@H+hd@ (50)

with f,, defined as in (32). Now, the choice for Ai
leading to a selfdual F :v is
ANP)=i(® " %0, P +30, DD, (51)

which is manifestly non-Hermitian. From ansatz (49)—
(51) one can construct Fy,, and determine the condi-
tions under which F}, is also selfdual. One has

FZV[(P] = —NauvJa [P * Jo[P] + Nave Dye[P]

— Napa Dva[P], 52)
where
Dyg=—P* 3,130,4572 * P+ {Ju[dﬂ, ]a[(P]}. (53)

Now, it is easy to see from the expression for ), as
given by (52) that selfduality is ensured whenever the
symmetric part of D, satisfies

—® % 0,0,P 2% P = D[D]5,4, (54)

where D[@] is an arbitrary function. Equation (54) has
the simple solution

1
q§*2=1+p(r12+r22), (55)

which in the operator language reads

_ 20
P 2=1+ ¥ > 1 +na+ Dimn)(minal. (56)

niny
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With this expression one can compute A, from
Eq. (49) and then the field strength which reads

F/(jv = NapalIvs Ja} — Nava{Ju, Ju}
- nauv(-]oz * Joy + 2D[¢]), 57

where D, as defined by (54) takes for the solution (55)
the form

p=_2g2 (58)
A

Now, as one should expect from (51), Fj,, is not
Hermitian. However the Lagrangian and, a fortiori,
the action S and the topological charge Q, are real.
In fact, one can check by explicit computation that
S = Q =1, aresult consistent with the fact that F,, as
given by (57) is a selfdual curvature, which necessarily
satisfies the (noncommutative) Yang—Mills equations
of motion.

We have discussed the case 81 = 6, for the sake of
simplicity, but the general 61 # 6, case can be equally
treated just by noting that the solution (56) becomes
P r=1+ %2 2(291111 +2602n3 + 601 + 62)

niny

X |nin2){ninal. (59

We have seen that noncommutative versions of
’t Hooft ansatz yields to U (2) configurations which are
either non selfdual or non-Hermitian. One might then
expect that a less restrictive ansatz could overcome
these problems. One possibility is to consider, instead
of (49)
Ay=Zwa,, Ay =by, (60)

with a, and b, Hermitian. The curvature Fév takes
then the form,

i i
F/i‘v = E{auv ay} — Egp.vaﬁ{aou aﬁ}

i
+9,by —8vbu+§{bu,bv}. (61)

Now, the selfduality condition applied to F/ 31; implies
a relation between a, and b, as well as a condition
over their curvatures. A simple choice satisfying all
these restrictions is

by=ay, (62)
opay — dvay, +2i{ay, ay} =0. (63)

Now, in order to also achieve selfduality for Fjj,, the
following identity should hold (compare with (53),

(54)
uay + 0vay —{ay, ay}+ = Dlald,.. (64)

Concerning condition (63), it is trivially satisfied by

auz—%U(x)T*BMU(x), (65)

with U (x) an element of noncommutative U (1) group.
In terms of U (x), Eq. (64) becomes

Lo
—5U " 0uaU

1 . -1 -1
—§(1+2z)(aﬂU WU +0,U"0,U)
= D[U18,0. (66)

Unlike Eq. (54), we were unable to find a solution of
Eq. (66).

In summary, we have shown that the natural exten-
sion of the "t Hooft ansatz for U (2) instanton solutions
to noncommutative spacetime, as proposed in [3], does
not work since it leads to a non-selfdual (or self-
antidual) field strength. An alternative ansatz allows
to find a self-dual instanton solution which however
corresponds to a non-Hermitian gauge field. Neverthe-
less, this configuration leads to a real Lagrangian and
corresponds to a bound of the action S: its topological
chargeis 0=S=1.

The connection between commutative and noncom-
mutative instantons can then be schematized as fol-
lows: the extension of 't Hooft ansatz leading to sin-
gular instantons yields, in the noncommutative case,
to non-selfdual configurations. Concerning the ansatz
leading to regular ordinary instantons, it does give, in
the noncommutative case, self-dual solutions. The ex-
plicit one that we found was not Hermitian but one
should expect that more general ansatz would lead to
selfdual Hermitian instantons. We hope to come back
to this problem in the future.
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